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THE SIMANCA METRIC ADMITS A REGULAR
QUANTIZATION
FRANCESCO CANNAS AGHEDU, ANDREA LOI
Abstract. Let gS be the Simanca metric on the blow-up C˜
2 of C2 at the
origin. We show that (C˜2, gS) admits a regular quantization. We use this
fact to prove that all coefficients in the Tian-Yau-Zelditch expansion for the
Simanca metric vanish and that a dense subset of (C˜2, gS) admits a Berezin
quantization.
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1. Introduction
Let M be a n-dimensional complex manifold endowed with a Ka¨hler metric g.
Assume that there exists a holomorphic line bundle L overM such that c1(L) = [ω],
where ω is the Ka¨hler form associated to g and c1(L) denotes the first Chern class
of L. A necessary and sufficient condition for the existence of such an L is that ω
is an integral Ka¨hler form.
Let m ≥ 1 be an integer and let hm be an Hermitian metric on L
m = L⊗m such
that its Ricci curvature Ric(hm) = mω. Here Ric(hm) is the two-form on M whose
local expression is given by
Ric(hm) = −
i
2π
∂∂¯ log hm(σ(x), σ(x))
for a trivializing holomorphic section σ : U → Lm \ {0}. In the quantum mechanics
terminology Lm is called the prequantum line bundle, the pair (Lm, hm) is called a
geometric quantization of the Ka¨hler manifold (M,mω) and ~ = m−1 plays the role
of Planck’s constant (see e.g. [2]). Consider the separable complex Hilbert space
Hm consisting of global holomorphic sections s of L
m such that
〈s, s〉hm =
∫
M
hm(s(x), s(x))
ωn
n!
<∞.
Define
ǫmg(x) =
dm∑
j=0
hm(sj(x), sj(x)),
where sj , j = 0, . . . , dm(dimHm = dm + 1 ≤ ∞) is an orthonormal basis of
(Hm, 〈·, ·〉hm). As suggested by the notation this function depends only on the
metric mg and not on the orthonormal basis chosen or on the Hermitian met-
ric hm. Obviously if M is compact Hm = H
0(Lm), where H0(Lm) is the (finite
dimensional) space of global holomorphic section of Lm.
In the literature the function ǫmg was first introduced under the name of η-
function by Rawnsley in [33] later renamed as θ-function in [9]. A metric g onM is
called balanced if ǫg is a positive constant. The definition of balanced metrics was
originally given by Donaldson [13] in the case of compact polarized Ka¨hler manifold
(M, g) and generalized in [3] to the noncompact case (see also [15], [17], [27]).
A geometric quantization (Lm, hm) of a Ka¨hler manifold (M,ω) is called a regular
quantization1 if mg is balanced for any (sufficiently large) natural number m.
Many authors (see, e.g. [2] and [5] and references therein) have tried to under-
stand what kind of properties are enjoyed by those Ka¨hler manifolds which admit
a regular quantization. Here we recall the following two facts:
1Regular quantizations were introduced and studied in [9] in the context of quantization by de-
formation of Ka¨hler manifolds.
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• a Ka¨hler metric which admits a regular quantization is cscK (constant scalar
curvature Ka¨hler) metric (see [21]);
• a geometric quantization of a homogeneous2 and simply-connected Ka¨hler
manifold is regular (see [2] and [24] for a proof in the compact and non-
compact case respectively).
Therefore, the following question naturally arises: Is it true that a complete3
Ka¨hler manifold (M,ω) which admits a regular quantization is necessarily homoge-
neous (and simply-connected)4?
In the compact case this question is still open and of great interest also because
the Ka¨hler manifolds involved are projectively algebraic.
In this paper we give a negative answer to the question in the non-compact case
by considering the Simanca metric gS on the blow-up C˜
2 of C2 at the origin. The
Simanca metric is a well-known and important example (both from mathematical
and physical point of view) of non homogeneous complete, zero constant scalar
curvature metric (see Section 2 below for details).
Our main result is then the following:
Theorem 1.1. Let C˜2 be the blow-up of C2 at the origin endowed with the Simanca
metric gS. Then (C˜
2, gS) admits a regular quantization such that ǫmgS = m
2.
It is worth pointing out that recently Bi-Feng-Tu [8] have constructed examples
of regular quantizations on Fock–Bargmann–Hartogs domains in the complex Eu-
clidean space equipped with a negative constant scalar curvature Ka¨hler metric.
Thus, they provide a negative answer to the previous question in the non-compact
case when the scalar curvature is negative. Another important difference between
Bi-Feng-Tu example and the Simanca metric is that in the first case the quantization
bundle is trivial and the Ka¨hler metric has a global Ka¨hler potential. Moreover, the
Simanca metric has been a fundamental ingredient in the construction of cscK met-
rics on compact Ka¨hler manifold via blow-up procedures (see [6]). Thus we believe
our Theorem 1.1 could be used to built regular quantizations of non-homogeneous
compact Ka¨hler manifolds.
In order to obtain an interesting corollary of Theorem 1.1 (see Corollary 1.2
below) we need to briefly recall some important tools about asympotic expansions
2A Ka¨hler manifold (M, g) is homogeneous if the group Aut(M)∩ Isom(M, g) acts transitively on
M , where Aut(M) denotes the group of holomorphic diffeomorphisms of M and Isom(M, g) the
isometry group of (M,g).
3The assumption of completeness is necessary otherwise one can construct regular quantizations on
non-homogeneous Ka¨hler manifolds obtained by deleting a measure zero set from a homogeneous
Ka¨hler manifold (see [25]).
4The simply-connected request is in brackets since one can prove that every homogeneous and
projectively induced Ka¨hler manifold is simply-connected (see [12]).
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of the epsilon function. In the case of a compact Ka¨hler manifold (M,ω) Zelditch
[37] proved that there exists a complete asymptotic expansion in the C∞ category
of epsilon function:
ǫmg(x) ∼
∞∑
j=0
aj(x)m
n−j , (1)
where a0(x) = 1 and aj(x), j = 1, . . . are smooth functions on M . The expansion
(1) is called Tian-Yau-Zelditch expansion (TYZ in the sequel). Later on, Lu [30], by
means of Tian’s peak section method, proved that each of the coefficients aj(x) is a
polynomial of the curvature and its covariant derivatives at x of the metric g which
can be found by finitely many algebraic operations. In particular, he computed the
first three coefficients. The expression of the first two coefficients is:{
a1(x) =
1
2ρ
a2(x) =
1
3∆ρ+
1
24 (|R|
2 − 4|Ric|2 + 3ρ2)
, (2)
where ρ, R, Ric denote respectively the scalar curvature, the curvature tensor and
the Ricci tensor of (M, g). The reader is also referred to [19] and [20] for a recursive
formula for the coefficients aj ’s and an alternative computation of aj for j ≤ 3
using Calabi’s diastasis function (see also [35] for a graph-theoretic interpretation
of this recursive formula).
It is natural to study metrics with the Tian-Yau-Zelditch coefficients being pre-
scribed both in the compact that in the noncompact cases. For instance, the van-
ishing of this coefficients for large enough indexes turns out to be related to some
important problems in the theory of pseudoconvex manifolds (cf. [31]). Further-
more, in the noncompact case, one can find in [28] a characterization of the flat
metric as a Taub-NUT metric with a3 = 0, while Z. Feng and Z. Tu [16] solve a
conjecture formulated in [36] by showing that the complex hyperbolic space is the
only Cartan-Hartogs domain where the coefficient a2 is constant. In [29] A. Loi
and M. Zedda prove that a locally hermitian symmetric space with vanishing a1
and a2 is flat.
For the Simanca metric (C˜2, gS) in [29] the authors computed the a2 coefficient
(a1 = 0 since gS has vanishing scalar curvature). Moreover, in [26] is proved that a
projectively induced5 radial Ka¨hler metric with a1 = a3 = 0 (or with a1 = a2 = 0)
is either the flat metric g0 or the Simanca metric gS .
Here, by using Theorem 1.1 we immediatly obtain the following:
5A Ka¨hler metric g on a complex manifold M is said to be projectively induced if exists a
holomorphic and isometric (i.e. Ka¨hler) immersion of (M, g) into the complex projective space
(CPN , gFS), N ≤ +∞, endowed with the Fubini-Study metric gFS, the metric whose associated
Ka¨hler form is given in homogeneous coordinates by ωFS =
i
2pi
∂∂¯ log(|Z0|2 + · · ·+ |ZN |
2).
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Corollary 1.2. All the coefficients aj(x), with j ≥ 1, of the TYZ expansion for
the Simanca metric vanish.
Theorem 1.1 shows that (C2, g0) and (C˜
2, gS) have the same epsilon functions
both equal to m2. It could be interesting to find other examples of Ka¨hler mani-
folds sharing this property and, more generally, to analyze to what extent the TYZ
coefficients determine the underlying Ka¨hler manifold (cf. [4] for this last issue).
We also prove a result on Berezin’s quantization on the dense subset C2\{0} ⊂ C˜2
equipped with the restriction of the Simanca Ka¨hler form ωS associated to the
Simanca metric gS . This is expressed by the following corollary.
Corollary 1.3. (C2 \ {0}, ωS) admits a Berezin quantization.
The construction in the proof of Theorem 1.1 stops to work when C2 is replaced
by Cn, n ≥ 3 and the metric gS is replaced by its natural generalization gS(n) on
C˜n (see Section 4 for details). This is expressed by the following theorem.
Theorem 1.4. Let C˜n be the blow-up of Cn at the origin endowed with the gen-
eralized Simanca metric gS(n). For any integer m ≥ 1 the following statements
hold
(1) (C˜n,mgS(n)) is projectively induced for any n ≥ 2,
(2) mgS(n) is not balanced for all n ≥ 3.
That theorem gives an example of projectively induced Ka¨hler metric g on the
blow up of Cn at the origin such that mg is not balanced for any positive integer
m.
The paper is organized as follows. Section 2 contains basic facts on the Simanca
metric and the proof of Theorem 1.1. In Section 3, after recalling the definition of
Berezin quantization, we prove Corollary 1.3. Finally in Section 4, after describing
the well-known link between balanced and projectively induced metrics, we prove
Theorem 1.4.
The authors would like to thank the referee for very helpful remarks and also
Michela Zedda for useful discussions.
2. The Simanca metric and the proof of Theorem 1.1
Let us briefly recall the definition of the blow-up C˜2 of C2 at the origin as
C˜
2 = {(z1, z2, [t1, t2]) ∈ C
2 × CP 1 : t1z2 − t2z1 = 0}.
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C˜2 is a closed submanifold of C2 × CP 1 of complex dimension 2. A system of
charts for C˜2 is given as follows: for j = 1, 2 we take
U˜j = (C
2 × Uj) ∩ C˜
2,
where Uj = {tj 6= 0}, for j = 1, 2, are open subsets of CP
1. Then we have two
coordinate maps
ϕ1 : U˜1 → C
2, (z1, z2, [t1, t2]) 7→
(
z1,
t2
t1
)
,
ϕ2 : U˜2 → C
2, (z1, z2, [t1, t2]) 7→
(
t1
t2
, z2
)
,
having as inverses the parametrization maps defined, respectively, by
ϕ−11 : C
2 → U˜1, (w1, w2) 7→ (w1, w1w2, [1, w2]),
ϕ−12 : C
2 → U˜2, (w1, w2) 7→ (w1w2, w2, [w1, 1]).
(3)
There are two projection maps
p1 : C˜
2 → C2,
p2 : C˜
2 → CP 1,
given by the restriction to C˜2 of the canonical projections of C2 × CP 1. One can
prove (see [32]) that p2 induces on C˜
2 the structure of complex line bundle, whose
fibre over [t1, t2] ∈ CP
1 is the corresponding line {(λt1, λt2) |λ ∈ C} in C
2. In other
words, this is the universal line bundle over CP 1. Observe that p1 is bijective when
restricted to p−11 (C
2 \ {0}), while
p−11 (0) = {(0, [t]) ∈ C˜
2} ≃ CP 1.
Thus we may think of C˜2 as obtained from C2 by replacing the origin 0 by the
space of all lines in C2 through 0. The manifold p−11 (0) is called the exceptional
divisor, and we will denote it by H . So, the restriction
pr := p1|C˜2\H : C˜
2 \H → C2 \ {0}, (z, [t]) 7→ z
is a biholomorphism, having as inverse
C
2 \ {0} → C˜2 \H, z 7→ (z1, z2, [z1, z2]) .
Take now on C2 \ {0} the (1, 1)-form given by
ω =
i
2π
∂∂¯(|z|2 + log |z|2). (4)
We claim that the pull-back p∗r(ω) of ω, a priori defined only on C˜
2 \H , extends in
fact to all C˜2.
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The pull-back p∗r(ω) is given in the coordinates (3) by
p∗r(ω) =
i
2π
∂∂¯
(
|z1|
2(1 + |z2|
2) + log(1 + |z2|
2)
)
,
on U˜1 \H , and
p∗r(ω) =
i
2π
∂∂¯
(
|z2|
2(1 + |z1|
2) + log(1 + |z1|
2)
)
,
on U˜2 \H . This shows that p
∗
r(ω) extends to the whole C˜
2, as claimed. Clearly on
C˜2\H this form is given in local coordinates by (4). The metric associated to (4) was
introduced for the first time by S. Simanca in [34] and it is known in literature as the
Simanca metric and denoted here by gS . The form (4) is denoted here by ωS. It is
not hard to see that gS is a complete, zero constant scalar curvature Ka¨hler metric
([34]). Moreover (C˜2, ωS) is a non homogeneous manifold (see, e.g. [29]). Notice
also that C˜2 is non contractible but simply-connected since C˜2 is diffeomorphic to
the connected sum C2#CP 2, where CP 2 is the complex projective space CP 2 with
the opposite orientation.
In order to prove Theorem 1.1 consider the holomorphic line bundle L → C˜2
such that c1(L) = [ωS], where c1(L) is the first Chern class of L. Such line bundle
exists since ωS is integral and it is unique, up to isomorphisms of line bundle, since
C˜2 is simply-connected. Notice that this line bundle L is not trivial and the Ka¨hler
form ωS associated to gS does not admit a global Ka¨hler potential in contrast with
the example of Bi-Feng-Tu discussed in the introduction.
One can easily verify that the holomorphic line bundle Lm → C˜2 equipped with
the hermitian structure
hm(σ(x), σ(x)) =
1
|z|2m
e−m|z|
2
|q|2,
defines a geometric quantization of (C˜2,mωS), wherem is a positive natural number
and σ : U ⊂ C˜2 \H → Lm \ {0}, x 7→ (z, q) ∈ U × C is a trivialising holomorphic
section. Since Lm|C2\{0} is equivalent to the trivial bundle C
2\{0}×C, one can find a
natural bijection between the complex space H0(Lm) and the space of holomorphic
functions on C2 vanishing at the origin with order greater or equal than m (see,
e.g. [18, Chapter 1]). This bijection takes s ∈ H0(Lm) to the holomorphic function
fs on C
2 obtained by restricting s to C˜2 \ H ≃ C2 \ {0}. Moreover, since H has
zero measure in C˜2, one gets
〈s, s〉hm =
∫
C˜2
hm(s(x), s(x))
ω2S
2!
=
=
∫
C2\{0}
e−m|z|
2
|z|2m
|fs(z)|
2
(
1 +
1
|z|2
)
dµ(z) <∞,
(5)
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where dµ(z) =
(
i
2pi
)2
dz1 ∧ dz¯1 ∧ dz2 ∧ dz¯2. Therefore, in this case, the inclusion
Hm ⊆ H
0(Lm) is indeed an equality, namely Hm = H
0(Lm) 6.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. By passing to polar coordinates z1 = ρ1e
iϑ1 , z2 = ρ2e
iϑ2
with ρ1, ρ2 ∈ (0,+∞), ϑ1, ϑ2 ∈ (0, 2π) one easily sees that the monomials {z
j
1z
k
2}j+k≥m
form a complete orthogonal system for the Hilbert space (Hm, 〈·, ·〉hm). Moreover,
by (5),
||zj1z
k
2 ||
2
hm
= 4
∫ +∞
0
∫ +∞
0
e−m(ρ
2
1+ρ
2
2)
(ρ21 + ρ
2
2)
m+1
(1 + ρ21 + ρ
2
2)ρ
2j
1 ρ
2k
2 ρ1ρ2dρ1dρ2.
With the substitution ρ1 = r cos θ, ρ2 = r sin θ, 0 < r < +∞, 0 < θ <
pi
2 one finds
a product of one variable integral:
||zj1z
k
2 ||
2
hm
= 4
∫ pi
2
0
(cos θ)2j+1(sin θ)2k+1dθ ·
∫ +∞
0
r2(j+k−m)+1(1 + r2)e−mr
2
dr.
For the first integral we have (see [1, page 255 (6.1.1)])∫ pi
2
0
(cos θ)2j+1(sin θ)2k+1dθ =
Γ(j + 1)Γ(k + 1)
2Γ(j + k + 2)
=
j!k!
2(j + k + 1)!
. (6)
For the second intergral, by (see [1, page 258 (6.2.1)])∫ ∞
0
rse−mr
2
dr =
Γ( s+12 )
2m(
s+1
2 )
, (7)
we find∫ ∞
0
r2(j+k−m)+1(1 + r2)e−mr
2
dr =
Γ(j + k −m+ 1)
2mj+k−m+1
+
Γ(j + k −m+ 2)
2mj+k−m+2
=
=
(j + k −m)!(j + k + 1)
2mj+k−m+2
.
Hence one gets
||zj1z
k
2 ||
2
hm
= 4
[
j!k!
2(j + k + 1)!
]
·
[
(j + k −m)!(j + k + 1)
2mj+k−m+2
]
=
j!k!
(j + k)!
(j + k −m)!
mj+k−m+2
.
(8)
Therefore {
z
j
1z
k
2
||zj1z
k
2 ||hm
}
j+k≥m
is an orthonormal basis for the Hilber Space (Hm, 〈·, ·〉hm).
6Here Hm (as in the introduction) denotes the space of global holomorphic sections s of Lm,
which are bounded with respect to
〈s, s〉
hm
= ||s||2
hm
=
∫
C˜2
hm(s(x), s(x))
ω2
S
2!
.
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For the epsilon function one obtains
ǫmg(z) =
∑
j,k≥0
j+k≥m
e−m(|z1|
2+|z2|
2)
(|z1|2 + |z2|2)m
|z1|
2j |z2|
2k
||zj1z
k
2 ||
2
hm
=
=
e−m(|z1|
2+|z2|
2)
(|z1|2 + |z2|2)m
∑
j,k≥0
j+k≥m
(j + k)!|z1|
2j |z2|
2k
j!k!(j + k −m)!
mj+k−m+2 =
=
e−m(|z1|
2+|z2|
2)
(|z1|2 + |z2|2)m
∞∑
β=m

 ∑
j,k≥0
j+k=β
(j + k)!|z1|
2j |z2|
2k
j!k!

 mβ−m+2(β −m)! =
=
e−m(|z1|
2+|z2|
2)
(|z1|2 + |z2|2)m
∞∑
β=m
(|z1|
2 + |z2|
2)β
mβ−m+2
(β −m)!
=
= m2e−m(|z1|
2+|z2|
2)
∞∑
β=m
(|z1|
2 + |z2|
2)β−m
mβ−m
(β −m)!
=
= m2e−m(|z1|
2+|z2|
2)
∞∑
α=0
(|z1|
2 + |z2|
2)α
mα
α!
=
= m2,
and this proves the theorem. 
3. Berezin quantization and the proof of Corollary 1.3
Let (M,ω) be a symplectic manifold and let {·, ·} be the associated Poisson
bracket. A Berezin quantization (we refer to [7] for details) on M is given by a
family of associative algebras A~ where the parameter ~ (which plays the role of
the Planck constant) ranges over a set E of positive reals with limit point 0. Then in
the direct sum ⊕~∈EA~ with component-wise product ∗, there exists a subalgebra
A, such that for an arbitrary element f = f(~) ∈ A, where f(~) ∈ A~, there exists a
limit lim~→0 f(~) = ϕ(f) ∈ C
∞(M). The following correspondence principle must
hold: for f, g ∈ A
ϕ(f ∗ g) = ϕ(f)ϕ(g), ϕ(~−1(f ∗ g − g ∗ f)) = i{ϕ(f), ϕ(g)}.
Moreover, for any pair of points x1, x2 ∈M there exists f ∈ A such that ϕ(f)(x1) 6=
ϕ(f)(x2).
Consider now a real analytic Ka¨hler manifold M , with Ka¨hler metric g and
associated Ka¨hler form ω. Assume that there exists a (real analytic) global Ka¨hler
potential Φ :M → R. This function extends to a sesquianalytic function Φ(x, y¯) on
that neighbourhood of the diagonal in M ×M such that Φ(x, x¯) = Φ(x). Consider
Calabi’s diastasis function Dg defined on a neighbourhood of the diagonal inM×M
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by:
Dg(x, y) = Φ(x, x¯) + Φ(y, y¯)− Φ(x, y¯)− Φ(y, x¯).
By its definition we see that Calabi’s diastasis function is independent from the
potential chosen which is defined up to the sum with the real part of a holomorphic
function. Moreover, it is easily seen that Dg is real-valued, symmetric in x and y
and Dg(x, x) = 0 (the reader is referred to [10] and [22] for more details on the
diastasis function).
Example 3.1. Let gFS be the Fubini-Study metric on the infinite dimensional com-
plex projective space CP∞ of holomorphic sectional curvature 4 and let DgFS (p, q)
be the associated Calabi’s diastasis function. One can show that for all p ∈ CP∞ the
function DgFS (p, ·) is globally defined except in the cut locus Hp of p where it blows
up. Moreover e−DgFS (p,q) is globally defined and smooth on CP∞, e−DgFS (p,q) ≤ 1
and e−DgFS (p,q) = 1 if and only if p = q (see [22] for details).
The following theorem is a reformulation of Berezin quantization result (see [14]
and [23]) in terms of Rawnsley ǫ-function and Calabi’s diastasis function.
Theorem 3.2. Let Ω ⊂ Cn be a complex domain equipped with a real analytic
Ka¨hler form ω and corresponding Ka¨hler metric g. Then, (Ω, ω) admits a Berezin
quantization if the following two conditions are satisfied:
(1) Rawnsley’s function ǫmg(x) is a positive constant for all sufficiently large
m;
(2) the function e−Dg(x,y) is globally defined on Ω × Ω, e−Dg(x,y) ≤ 1 and
e−Dg(x,qy) = 1 if and only if x = y.
We are now in the position to prove Corollary 1.3, namely that (C2 \ {0}, ωS)
admits a Berezin quantization.
Proof of Corollary 1.3. We are going to show that Conditions 1 and 2 of Theorem
3.2 are fulfilled by (C2\{0}, ωS). Condition 1 follows by Theorem 1.1. For Condition
2 consider the holomorphic map
ϕ : C2 \ {0} → CP∞
given by
(z1, z2) 7→
(
z1, z2, . . . ,
√
j + k
j!k!
z
j
1z
k
2 , . . .
)
, j + k 6= 0.
It is not hard to see that ϕ is an injective Ka¨hler immersion from (C2 \ {0}, gS)
into (CP∞, gFS) (see [26] for a proof). By Example 3.1, Calabi’s diastasis function
DgFS of CP
∞ is such that e−DgFS is globally defined on CP∞ × CP∞ and by the
hereditary property of the diastasis function (see [10, Proposition 6]) we get that,
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for all x, y ∈ C2 \ {0},
e−DFS(ϕ(x),ϕ(y)) = e−DgS (x,y) (9)
is globally defined on C2 \{0}×C2 \{0}. Since, by Example 3.1, e−DFS(p,q) ≤ 1 for
all p, q ∈ CP∞ it follows that e−DgS (x,y) ≤ 1 for all x, y ∈ C2 \ {0} and since ϕ is
injective one gets that e−DgS (x,y) = 1 iff x = y. Hence, also Condition 2 is satisfied
and this concludes the proof of the corollary. 
4. Balanced metrics on the blow-up of Cn at the origin and the
proof of Theorem 1.4
It is well known (see [9] and [33]) that if mg is a balanced metric, namely the
function ǫmg is a positive constant, then mg is projectively induced via the coherent
states map
ϕm :M → CP
dm , x 7→ [s0(x), . . . , sj(x), . . .].
In fact the relation between this map and the function ǫmg can be read in the
following formula due to Rawnsley (see [33]):
ϕ∗m(ωFS) =
i
2π
∂∂¯ log
dm∑
j=0
|sj(x)|
2 = mω +
i
2π
∂∂¯ log ǫmg. (10)
Therefore, by Theorem 1.1 the metric mgS on C˜
2 is projectively induced for all
m > 0. Another example of Ka¨hler metric on the blow-up C˜2 of C2 at the origin is
the celebrated Eguchi–Hanson metric gEH , namely the complete Ricci flat metric
on C˜2 whose Ka¨hler form on C˜2 \H ∼= C2 \ {0} is given by
ωEH =
i
2π
∂∂¯(
√
|z|4 + 1 + log |z|2 − log(1 +
√
|z|4 + 1)). (11)
Recently in [11], the first author of the present paper shows that the metric mgEH
is not balanced for any positive integer m. Hence, it is natural to see if there exist
examples of complete metrics g on the blow-up of the Euclidean space at the origin
such that mg is projectively induced but mg is not balanced for any m > 0. In this
section we construct such a metric.
Let gS(n) be the generalized Simanca metric on the blow-up C˜
n of Cn at the
origin whose Ka¨hler form on Cn \ {0} ∼= C˜n \H is given by
ωS(n) =
i
2π
∂∂¯(|z|2 + log |z|2), |z|2 = |z1|
2 + · · ·+ |zn|
2
and H denotes the exceptional divisor arising by the blow-up construction (as in
Section 2 one can show that ωS(n), a priori defined only on C
n \ {0}, extends to
all C˜n). When n = 2, gS(2) = gS . Notice that the generalized Simanca metric is
complete but its scalar curvature is not constant.
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Remark 4.1. In the case of the generalized Simanca metric, for n = 3 we have
gS(3) =


1 + |z2|
2+|z3|
2
(|z1|2+|z2|2+|z3|2)
− z¯1z2(|z1|2+|z2|2+|z3|2) −
z¯1z3
(|z1|2+|z2|2+|z3|2)
− z1z¯2(|z1|2+|z2|2+|z3|2) 1 +
|z1|
2+|z3|
2
(|z1|2+|z2|2+|z3|2)
− z¯2z3(|z1|2+|z2|2+|z3|2)
− z1z¯3(|z1|2+|z2|2+|z3|2) −
z2z¯3
(|z1|2+|z2|2+|z3|2)
1 + |z1|
2+|z2|
2
(|z1|2+|z2|2+|z3|2)


so that, for (z1, 0, 0)
gS(3) =


1 0 0
0 1 + 1|z1|2 0
0 0 1 + 1|z1|2

 , g−1S(3) =


1 0 0
0 |z1|
2
1+|z1|2
0
0 0 |z1|
2
1+|z1|2

 .
By recalling that Ricij¯ = −
∂2 log det g
∂zi∂z¯j
one gets:
Ric =


− 1(1+|z1|2)2 0 0
0 1|z1|2+|z1|4 0
0 0 1|z1|2+|z1|4

 .
Finally, by recalling that ρg = −
∑
gij¯Ricij¯, one finds:
ρgS(3) = −
1
(1 + |z1|2)2
.
More generally it is possible to prove that
ρgS(n) =
2− n
(1 + |z1|2)2
, for (z1, 0, . . . , 0)
so the scalar curvature is not costant for any n ≥ 3.
Proof of Theorem 1.4. 1. The holomorphic map
ϕ : Cn \ {0} → CP∞
given by
(z1, . . . , zn) 7→
(
z1, . . . , zn, . . . ,
√
j1 + · · ·+ jn
j1! · · · jn!
z
j1
1 · · · z
jn
n , . . .
)
, j1 + · · ·+ jn 6= 0,
is a Ka¨hler immersion from (Cn \ {0}, gS(n)) into (CP
∞, gFS). In point of fact
ϕ∗(ωFS) =
i
2π
∂∂¯ log

 ∑
j1,j2,...,jn≥0
j1+···+jn≥m
(
j1 + · · ·+ jn
j1! · · · jn!
|z1|
2j1 · · · |zn|
2jn
) =
=
i
2π
∂∂¯ log(e|z|
2
|z|2) = ωS(n).
Since C˜n is simply-connected it follows from a result of Calabi (see [10] and [26])
that ϕ extends to a Ka¨hler immersion from (C˜n, gS(n)) into (CP
∞, gFS). Similarly,
one can show thatmgS(n) is projectively induced for any positive integerm. Indeed,
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by a result of Calabi [10] if a Ka¨hler manifold can be Ka¨hler immersed into CP∞
then the same is true for (M,mg).
2. For an integer m > 0, consider the geometric quantization given by the
holomorphic line bundle Lm → (C˜n, ωS(n)) such that c1(L
m) = m[ωS(n)], equipped
with the hermitian structure
hm(σ(x), σ(x)) =
1
|z|2m
e−m|z|
2
|q|2.
where σ : U ⊂ C˜n \H → Lm \ {0}, x 7→ (z, q) ∈ U ×C is a trivialising holomorphic
section. As for the Simanca metric there is a natural bijection between the com-
plex space H0(Lm) of global holomorphic sections and the space of holomorphic
functions on Cn vanishing at the origin with order greater or equal than m. This
bijection takes s ∈ H0(Lm) to the holomorphic function fs on C
n obtained by
restricting s to C˜n \H ≃ Cn \ {0}. Moreover, since H has zero measure in C˜n, one
gets
〈s, s〉hm =
∫
C˜n
hm(s(x), s(x))
ωnS(n)
n!
=
=
∫
Cn\{0}
e−m|z|
2
|z|2m
|fs(z)|
2
(
1 +
1
|z|2
)n−1
dµ(z) <∞,
(12)
where dµ(z) =
(
i
2pi
)n
dz1∧dz¯1∧dz2∧dz¯2∧. . .∧dzn∧dz¯n. ThereforeHm = H
0(Lm).
From (12) by passing to polar coordinates z1 = ρ1e
iϑ1 , . . . , zn = ρne
iϑn with
ρ1, . . . ρn ∈ (0,+∞), ϑ1, . . . , ϑn ∈ (0, 2π) one easily sees that the set
{zj11 · · · z
jn
n }, j1 + · · ·+ jn ≥ m
form a complete orthogonal system for the Hilbert space (Hm, 〈·, ·〉hm). Moreover,
by (12),
||zj11 · · · z
jn
n ||
2
hm
= 2n
∫
Ω
e−m(ρ
2
1+···+ρ
2
n)
(ρ21 + · · ·+ ρ
2
n)
m+n−1
(1+ρ21+· · ·+ρ
2
n)
n−1ρ
2j1+1
1 · · · ρ
2jn+1
n dρ1 · · · dρn,
where Ω = {(0,+∞)n ⊂ Rn}. With the substitution
ρ1 = r cos(ϑ1)
ρ2 = r sin(ϑ1) cos(ϑ2)
ρ3 = r sin(ϑ1) sin(ϑ2) cos(ϑ3)
...
ρn−1 = r sin(ϑ1) · · · sin(ϑn−2) cos(ϑn−1)
ρn = r sin(ϑ1) · · · sin(ϑn−2) sin(ϑn−1)
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with 0 < r < +∞, 0 < ϑi <
pi
2 for i = 1, . . . , n − 1, one finds a product of one
variable integrals:
||zj11 · · · z
jn
n ||
2
hm
=2n
∫ pi
2
0
(cos θ1)
2j1+1(sin θ1)
2(j2+···+jn+(n−1)−1)+1dθ1·
·
∫ pi
2
0
(cos θ2)
2j2+1(sin θ2)
2(j3+···+jn+(n−1)−2)+1dθ2·
·
∫ pi
2
0
(cos θ3)
2j3+1(sin θ3)
2(j4+···+jn+(n−1)−3)+1dθ3·
...
·
∫ pi
2
0
(cos θn−2)
2jn−2+1(sin θn−2)
2(jn−1+jn+(n−1)−(n−2))+1dθn−2·
·
∫ pi
2
0
(cos θn−1)
2jn−1+1(sin θn−1)
2(jn+(n−1)−(n−1))+1dθn−1·
·
∫ +∞
0
r2(j1+···+jn−m)+1(1 + r2)n−1e−mr
2
dr.
For the first n− 1 integrals, by (6) we find∫ pi
2
0
(cos θ1)
2j1+1(sin θ1)
2(j2+···+jn+(n−1)−1)+1dθ1 =
j1!(j2 + · · ·+ jn + n− 2)!
2(j1 + j2 + · · ·+ jn + n− 1)!
,
∫ pi
2
0
(cos θ2)
2j2+1(sin θ2)
2(j3+···+jn+(n−1)−2)+1dθ2 =
j2!(j3 + · · ·+ jn + n− 3)!
2(j2 + j3 + · · ·+ jn + n− 2)!
,
...∫ pi
2
0
(cos θn−2)
2jn−2+1(sin θn−2)
2(jn−1+jn+(n−1)−(n−2))+1dθn−2 =
jn−2!(jn−1 + jn + 1)!
2(jn−2 + jn−1 + jn + 2)!
,
∫ pi
2
0
(cos θn−1)
2jn−1+1(sin θn−1)
2(jn+(n−1)−(n−1))+1dθn−1 =
jn−1!jn!
2(jn−1 + jn + 1)!
.
For the last integral we find∫ +∞
0
r2(j1+···+jn−m)+1(1+r2)n−1e−mr
2
dr =
(J −m)!
2
U(J−m+1, J−m+n+1,m),
where J = j1 + · · · + jn and U(a, b, z) =
1
Γ(a)
∫∞
0
e−ztta−1(1 + t)b−a−1 dt is the
Confluent Hypergeometric Function of the second kind (see [1, page 504]). Since
U(a, b, z) =
Γ(1− b)
Γ(a+ 1− b)
1F1(a, b, z) +
Γ(b − 1)
Γ(a)
z1−b1F1(a+ 1− b, 2− b, z),
where 1F1(a, b, z) is the Confluent Hypergeometric Function, one gets
||zj11 · · · z
jn
n ||
2
hm
= mm−n−J
j1! · · · jn!Γ(J −m+ n)
Γ(J + n)
1F1(1−n, 1+m−n−J,m). (13)
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Therefore {
z
j1
1 · · · z
jn
n
||zj11 · · · z
jn
n ||hm
}
j1+···+jm≥m
is a orthonormal basis for the Hilber Space (Hm, 〈·, ·〉hm). For the function epsilon
(setting J = m+ k, k ∈ N) follows that
ǫmgS(n)(z) =
e−mt
tm
∞∑
k=0
mk+ntk+m(k +m+ n− 1)!
(k +m)!(k + n− 1)! 1F1(1− n, 1− k − n,m)
, (14)
where t := |z|2. For n = 2, 1F1(−1,−1− k,m) =
k+m+1
k+1 and (14) simplifies to m
2,
in agreement with the computations in Section 2. In general, the right-hand side
is, in terms of the variable x := mt, equal to
e−xmn
∞∑
k=0
xk(k +m+ n− 1)!
(k +m)!(k + n− 1)! 1F1(1 − n, 1− k − n,m)
,
which is independent of x only if
k!(k +m+ n− 1)!
(k +m)!(k + n− 1)! 1F1(1− n, 1− k − n,m)
is independent of k. Looking at the asymptotics as k → +∞, the last expression
behaves as
1 +
m(n− 1)(n− 2)
2k2
+O
(
1
k3
)
,
so it can be independent of k only for n ∈ {1, 2}. 
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